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The equations governing the linearized small amplitude approximation for 
gravity waves on deep water can be reformulated by the introduction of a cross-sur- 
face differential operator, H, which acts like a square-root of the two-dimensional 
Laplacian. This yields a single scalar equation for the amplitude of the wave-like 
motion elf a horizontal static surface resulting in a mixed initial and boundary 
value problem for the wave operator, i?,, + cZH. The pressure impulse response for 
an unperturbed static fluid will be calculated via a formal eigenfunction expansion 
and it will be shown that this yields a distributional solution. Then. the mixed 
problem will be generalized to allow for distributional data where the initial data is 
injected into the non-homogeneous term. By employing eigenfunction represen- 
tations for distributions with compact support it will be shown that a formal eigen- 
function expansion also yields a distributional solution to this generalized mixed 
problem. % 1987 Academic Press, Inc. 
1. INTRODUCTION 
The equations governing the linearized small amplitude approximation 
for gravity or surface waves on deep water can be presented as a coupled 
system involving the pressure and the amplitude of the wave-like motion 
off a horizontal static surface. Bodvarsson [l] has derived a single scalar 
equation for the amplitude by introducing a cross-surface differential 
operator in the original boundary condition. This surface operator, to be 
denoted as H, is the spatial part of the resulting wave operator and acts 
as a square-root of the two dimensional Laplacian defined on the static 
surface. 
The operator H contains in its definition the harmonic nature of the 
pressure in the fluid basin and precisely the operations involved in the 
boundary condition relating the pressure and the amplitude. While this 
allows the pressure to be eliminated, admittedly, there is no significant 
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simplification with the governing equation involving just the amplitude. 
However, it is appealing to have a single equation to provide the basis for 
the theory of surface waves of infinitesimal amplitude as with well-defined 
wave equations governing other oscillatory scalar fields. Moreover, from an 
understanding of the principal features of the surface operator H, certain 
characteristics of this model and its solutions can be explained. 
From a more theoretical perspective, an interesting feature of this refor- 
mulation is in giving a more natural example of the use of fractional 
powers of differential operators within a boundary value problem context. 
Functions of differential operators is not a new subject but recently atten- 
tion has focused on the more difficult problem of their us within a boun- 
dary value problem. Much work has been done on the problem of how to 
define fractional powers of boundary value problems involving elliptic dif- 
ferential operators (see, e.g., Seeley [9] and Fujiwara [3]), where one of 
the key results is to obtain a concrete description of the domain of the 
resulting operator as a function space. In this example, the reformuation of 
the surface waves model in terms of the square-root operator H is of a 
more simple nature and illustrates the use of a common type of boundary 
condition which is dictated by the physical nature of the problem. 
The underlying equation obtained through the application of H is given 
by 
(a,, + gfW = i 
where h is the amplitude of the wave motion, f= - gHh, with h, an 
impressed surface amplitude and g is the acceleration due to gravity. This 
equation of hyperbolic type naturally leads to an investigation into 
questions of uniqueness and existence by methods analogous to the treat- 
ment of the classical mixed hyperbolic problems. 
This paper will investigate eigenfunction expansion solutions to mixed 
initial and boundary value problems for the above equation. An example of 
an important type of solution to be considered here is the pressure impulse 
response. This corresponds to assuming causal conditions and that the fluid 
surface is hit at time t = 0 by a delta-like pressure pulse. It will be shown 
that this impulse response can be easily obtained through a formal eigen- 
function expansion and yields a solution in a certain distributional sense to 
be defined later. 
By employing a method of energy integrals analogous to the treatment of 
the classical problem involving the Laplacian itself (see, e.g., Vladimirov 
[lo]) this author has obtained results of uniqueness, continuous depen- 
dence on the data and existence, via a formal eigenfunction expansion, in a 
class of generalized L*-solutions (to be reported in [S]). It was also shown 
that this formal expansion yields a distributional solution but not in a 
sense which incorporates the initial conditions. 
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In this paper a more general distributional setting will be considered 
which includes a general class of initial conditions. This leads to the 
definition of a distribution solution where causal conditions are assumed 
and the initial conditions are injected into the non-homogenesous term. 
Moreover, by applying results concerning an asymptotic estimate on the 
growth rate of the derivatives of the eigenfunctions of the Laplacian in 
terms of the eigenvalues and an expansion for distributions in terms of 
these eigenfunctions, the problem can be further generalized to allow for 
non-classical or distributional data. The main result will then show that a 
formal eigenfunction expansion to this generalized wave equation yields a 
distributional solution. 
2. THE GENERAL SETTING AND PRELIMINARY RESULTS 
In this section a brief description of the underlying setting and some 
results that will be needed later in the article will be given. Since this 
material is contained in previous reports of this author only the essential 
results will be stated and further details or proofs will be referenced. 
Consider a rectangular coordinate system and a bounded two-dimen- 
sional region C with a sufficiently smooth boundary y embedded in the 
plane z = 0. P(x, y, z) will be a general field point and S = (x, y, 0) will 
denote points on C. Let the negative Laplacian defined on C be denoted by 
I7, viz. Z7= -A,, with domain; 
where q is the outward unit normal to y. The usual notation for higher 
order partial derivatives will be used, i.e., if CI = (tli, a2, a3) is a multi-index 
then 
D”= (ax)%1 (ay)= (azp with 1~11 =c(, +cc, +a,. 
Also, the following spaces of test functions and distributions will be 
needed. D(Z) will denote the space of functions on C of class P(X) with 
compact support in C and endowed with the usual topology. There will 
also be occasion to consider the test functions of class P(C), to be 
denoted by E(C), with the usual topology induced by the family of semi- 
norms 
lldllm,N = sup I D” 4s) I, 
la1 <m 
St K,V 
where C = U $=, KN, with K, compact and KN c K, + , c C. 
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This yields convergence as uniform convergence on C for derivatives of 
all orders. 
The elements in the dual space of D(C), denoted by D’(C), also having 
compact support (it is well known that these are precisely the distributions 
in E’(C), see Rudin [8]) will be the distributions of concern in this paper 
with evaluation denoted by 
(7’34) for T E D’(E) and $ E D(C). 
Convergence of a sequence of distributions is defined by 
A regular distribution will refer to a distribution induced by a locally 
integrable function on Z. That is, if ,f is such a function then S defines a 
distribution in D’(C) by 
The setting to be considered is to allow for the following properties. I7 
should possess a complete orthonormal system of eigenfunctions uk(S), 
where the corresponding set of eigenvalues ik, having finite multiplicity, 
can be indexed according to magnitude such that 
0=1&i, 6&d .” with 1, + cc as k + co 
(Vladimirov [lo] develops this setting with the Dirichlet boundary con- 
dition for a class of sufficiently smooth Liapunov lines. A much more 
general setting which includes the Neumann boundary condition is con- 
sidered by Miranda [7].) The eigenvalues have been repeated according to 
multiplicity so that each & corresponds to exactly one eigenfunction uk(S) 
satisfying 
nu, = I,u, with uk ED,. 
Also, there should exist a Neumann function (often functions of this type 
are all referred to as simply Green’s functions) defined on ,Y? x Z associated 
with the operator fZ having the usual properties. The smoothness and 
order properties of it and its derivatives along with the equivalent integral 
equation for the eigenvalue problem were used to obtain some of the 
following results (further details and proofs of these have been reported in 
Kiser [ 61). 
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(i) For every compact set Kc C and multi-index c1= (ai, az, 0), 
IDauk(S)I -O(l~l+‘) as k-t co, 
uniformly with respect to SE K. That is, there exists constants C and N 
(depending on CI and K) such that for all SE K, 
I D”u,( S) I d tip’ + l for all k > N. 
(ii) If 4 E D(C) then 
~W~k12<~ for all real m 2 0, 
where 4, represents the expansion coefficients given by the inner product 
(4, Uk). 
Moreover, 
with uniform convergence on C for derivatives of all orders. 
(iii) Let TED’(C) with compact support and set 
&=V,ud 
(within the setting outlined here the eigenfunctions are of class 
C%(C) n C’(C) so compact support of T allows for extension to these 
eigenfunctions). Then, 
where uk is regarded as a regular distribution in D’(Z). Moreover, there 
exists a non-negative integer r such that 
3. THE CROSS-SURFACE DIFFERENTIAL OPERATOR H 
In this section the definition of the surface operator H, as it is motivated 
from the physical model for small amplitude gravity waves on deep water, 
will be given. However, the main emphasis in this paper is to analyze eigen- 
function expansion solutions to the resulting governing equation, men- 
tioned in the Introduction, in a more general setting. With this in mind an 
eigenfunction representation for H will be obtained which provides a more 
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useful definition. After obtaining this representation for H, suitable 
domains which guarantee this series expansion converges in an appropriate 
sense will be given. 
For the construction of H, form the cylindrical region B = C x (0, co) 
where the boundary of B consists of .Z u r with I- representing the sides 
y x [0, co). Then, given a function d(S) defined on .Z, let u(P) be a solution 
to the boundary value problem, 
Au=0 on B, (1) 
@=O onr 
a? 
and u=q!~ onC, (2) 
and define H by 
H#(S) = -; u(P) (3) 
z 10. 
provided the limit as z JO exists. 
This relatively simple definition entails some interesting features. Some 
care is needed to determine a class of boundary values for C$ not only to 
ensure a solution exists in some sense and that H is well defined but also 
u(P) must be well behaved at C to guarantee the limit as z 1.0 exists. Also, 
in a purely formal manner, it is easy to see that H will act as a square-root 
of 17. If 0 is sufficiently smooth the solution to (1) satisfying (2) with boun- 
dary value Hd in place of 4 is given by --au/&. Hence, 
H2& S) = _ 2 ( -au(p)) 
aZ aZ 
= -A,u(P) = z7& S). 
:lO 
One approach to obtain a more suitable representation for H for the 
analysis of eigenfunction expansion solutions is to determine a class of 
boundary values which ensures that a formal eigenfunction expansion 
yields a suitably smooth solution to the boundary value problem in (1) and 
(2). Then, the prescription in (3) for the definition of H can be carried out 
to obtain an eigenfunction representation for H itself. However, once a for- 
mal expansion for H is obtained, to determine appropriate domains of 
definition it is only necessary to impose restrictions on the boundary values 
that ensures the convergence of the resulting series and limit as zJ 0. In 
fact, it will be seen that in the settings to be considered here, the limit 
process and dependency on the region B can be eliminated yielding a 
surface operator which is easily verified to be a square-root of I7. 
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As an example of this process an L2-setting for H will be developed 
which also motivates the extension to a distributional setting needed in this 
paper. 
It is easily seen that a formal eigenfunction expansion solution to (1) 
satisfying (2) is given by 
(4) 
Then, carrying out the prescription in (3) yields the formal expansion for H 
as 
H&S) = !E 1 ~~‘2e-“:i2”~k~k(~). 
k 
Restrictions in terms of a growth condition imposed on the expansion coef- 
ficients for 4 can be given which ensures that u(P) given in (4) is a smooth 
solution and allows the limit as zl0 to be brought inside the series in (5) 
defining a smooth function on C. A far weaker growth condition can be 
imposed which also eliminates the dependency on the region B and yields a 
square-root of 17 in an L2-sense. These growth conditions are as follows 
(for proofs of these results see Kiser [IS]); 
(A) If 4 ED, and satisfies the condition 
then, u(P) given in (4) is a classical solution to (1) and (2) with 
u E P(B) n C’(B/T) n C(B) and &/a~ = 0 on r as a correct normal 
derivative (see Vladimirov [ 10, p. 2811 for the definition of a correct 
normal derivative). Moreover, 
H#(s) = c hi’*qk uk(s), 
and is of class C’(C) n C(c). 
(B) Hcj E L’(C) iff 4 satisfies the condition 
in which case HqS(S) also has the expansion given in (6). 
If 4 ED, then 
n4(s) = c Ak$kUk(S) with convergence in L’(C). (7) 
409/126/Z-IO 
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Hence, the expansion for H4 given in (6) immediately reveals that H is a 
square-root L7 in an L*-sense. More precisely, if the domain of H is simply 
taken to be the functions satisfying the growth condition in (B) then H is a 
square-root of an extension of 17 defined to be the r.h.s. of (7) when that 
series converges in L*(Z). 
The application of H to the surface waves model actually entails its 
evaluation for functions depending on the parameter time. It is an easy 
matter to adapt in a pointwise manner the previous construction and 
original definition of H to functions, in general, depending on a parameter 
t. Then, an eigenfunction representation for H, eliminating the limit process 
as zJ0 as in (6) can be obtained where the smoothness of this expansion 
can be related to growth conditions on the expansion coefficients, now 
functions of t, similar to the results given above. That is, if for each 1, 
#(S, t) E L’(E) then 
d(S> t)= 1 iJk(f) U&(S)? 
where J&(t) is the expansion coefficient given by the inner product (4, u,,). 
It is clear that the representation analogous to (6) is given by 
W(X t) = C L:‘2$&) uk(s). (10) 
The question then becomes, under what additional restrictions on d(S, t) 
will the series in (10) converge in an appropriate sense? 
Since, in this article, the mixed problem is considered in a distributional 
setting, it will only be necessary to apply H to smooth test functions 
depending on time for which there is no problem with the convergence of 
this series. The following result concerning a growth condition for test 
functions in D(Cx ( -co, co)), to be denoted by D,, will be needed later 
in the paper and can be used to verify the convergence of an eigenfunction 
expansion for them and the series in (10). 
(iv) If &,S, t) E D, then, for every real r 2 0, xk A; 1 $,Jf) l2 converges 
uniformly on [ -T, T] for all T > 0. 
Proof. If #(S, t) E D, then for all integers m 3 0, A’$$ E D, . In par- 
ticular, for each fixed t in ( --co, co), A;4 E L*(C) which implies 
so, 
c 4 I L(t) I 2, 
k 
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converges pointwise on ( -co, co) for all even integers r 3 0. However, 
since I] A;# 1) z and 1 J,Jt) I* are continuous on ( -co, co), by Dinis lemma 
(see Vladimirov [lo] ) there is, in fact, uniform convergence on any com- 
pactum in ( --co, co) and since, eventually, 1, 3 1 the result holds for all 
real r 20. 1 
This result can be used to show that for every real r 2 0, 
; 4A&) Uk(S) converges in E(C), 
uniformly w.r.t. t E [ -T, T] 
for all T> 0. In fact, given any m and N, 
(11) 
and this latter expression goes to 0 as n -+ co, uniformly on [ -T, T] for all 
T>O by the above result (iv) and the asymptotic estimate given in (i). 
In particular, this illustrates the convergence of an eigenfunction expan- 
sion for &S, t) and H#(S, t), defined by (lo), given by taking r = 0 and 
r = 4, resp. in ( 11). 
The expansion for H given in (6) or (10) along with the eigenfunction 
representation for distributions with compact support given in (iii) of 
Section 2 suggests a natural way to extend the definitions of H to such 
distributions. 
(v) If TE D’(Z) with compact support then 
(12) 
and if H(T) is defined by (12) the symmetric property 
(ff(T),4)=(T,H4) for all C$ ED(C) 
holds. 
(13) 
Proof. By multiplying and dividing by A;+l, the partial sums for the 
series in (13) evaluated at any q5 E D(Z) can be split up as 
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where r is given according to the asymptotic estimate of Fk in (iii). This 
shows, by (ii), that this last expression converges to 0 as n, m -+ cc (in this 
setting ilk -k as k + co, see Courant and Hilbert [2]), which verifies the 
first part of (v). 
For the second part, note that if 4~ D(C) then HUE P(C). In fact, if 
4 E D(C) then using (6) and by (ii), 
~i~I(R$d)k~2z~~~+’ I$k12<a forallreal m>O. 
k 
On the other hand, given a complex sequence { uk} such that 
pF la, I2< cc for all real m 3 0, 
it is straightforward to show using the asymptotic estimate in (i) that 
1 akuk(S) is of class CK’(C). 
Hence, the r.h.s. of (13) makes sense and with H(T) defined by (12), 
Defining H(T) by (12), or (10) when needed, not only gives the natural 
extension to distributions with compact support but it will also be seen 
that this definition yields the correct pressure impulse response to the sur- 
face waves model when the solution is sought by a formal eigenfunction 
expansion. This impulse response for various basins with fairly simple 
geometry has been known for sometime which is usually the justification 
for the formal methods used to compute it. In the next section the impulse 
response will be calculated for a general setting and it will be shown that 
the formal expansion does yield a distributional solution. 
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4. THE PRESSURE IMPULSE RESPONSE 
As mentioned in the Introduction, the construction of H and its original 
definition in (3) allows for a reformulation of the linearized equations 
governing gravity waves on deep water. The region B is to be thought of as 
the fluid basin in its static state with C the static horizontal fluid surface (it 
is customary to orient the z axis as being positive in the downward direc- 
tion). If Q is to represent he free fluid surface under motion then there is 
actually a moving boundary condition on Q. However, one step in the 
linearization process is to assume that 52 deviates from C by a small ver- 
tical amplitude h(S, t) and, by moving conditions from s2 to C, a coupled 
system of equations involving the amplitude h and the pressure can be 
obtained. Then, since the pressure is harmonic in B and its derivative w.r.t. 
z is related to h on the boundary L’, by incorporating the surface operator 
H the pressure can be eliminated yielding the single scalar equation 
(a,, + @w = f on Cx(0, co), 
wheref= - gHh, with h,(S, t) an impressed surface amplitude and g is the 
acceleration due to gravity (for further details concerning the derivation of 
this model and its reformulation in terms of H see Bodvarsson [ 1 ] and 
Kiser [4, pp. 677751). This equation is also to be adjoined with initial 
conditions for h and a,h and the boundary condition &/c?~ = 0 on y. 
As an example of a formal eigenfunction expansion solution technique 
the pressure impulse response, h,(S, t), for an unperturbed static fluid will 
be calculated. This corresponds to assuming casual conditions (i.e., h, = 0 
for t < 0) and that the static fluid surface Z is hit at time t = 0 by the delta- 
like pressure pulse 
Po(X t) = 6,(S) s(t), 
where 6, is the shifted delta distribution in D’(C) with support at R and 
6(t) is the (time-like) delta distribution in D’( -co, co) with support at 
t = 0. This pressure pulse corresponds to taking an impressed surface 
amplitude in (10) as 
where p is the density of the fluid. 
The main result of this section is to apply the previous results to show 
that h, can be obtained by a formal eigenfunction expansion and yields a 
distributional solution to (14). However, it is no harder to consider the 
slightly more general problem where 6, is replaced by an arbitrary dis- 
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tribution T with compact support. Also, since g and p will be assumed to 
be constant, the notation will be simplified by taking the wave operator in 
(14) to be of the form 
0 = a,, + c2H for c constant, (15) 
and the non-homogeneous term in the form 
f= h(t) H(T). (16) 
Before obtaining the solution to 
q h=f on Cx(0, a), (17) 
where the operator 0 is given in (15) and f in (16) it is necessary to be 
more explicit on how this equation is to be interpreted. 
Denote distributions in D’, satisfying causal conditions by D’, (i.e., 
h E D’+ implies that supp h c .Z x [0, co)). Then, a distributional solution to 
(17) will refer to a distribution h E D’, such that 
(W#)=(h, q d>=(f,d> for all #ED, (18) 
With this definition of a distributional solution and H defined by (10) 
and (12), the distributional solution to (17) can be obtained via a formal 
eigenfunction expansion as the next result illustrates. 
LEMMA 1. The distributional solution to (17) is given by the series 
h(S, t) =f F A:‘4Fk sin(c$j4t) L+(S) for t30. (19) 
That is, with uk regarded as a regular distribution in D’(C) and h extended to 
be zero for t < 0; then h E D’, and is a solution to (17) as defined in (18). 
Proof: Assume h(S, t) = Ck a,(t) uk(S). Formally plugging this into 
(17) and expanding both sides in terms of eigenfunctions u,JS) yields for 
the modes separately the equation 
a:(t) + c2Ak”ak( t) = l:‘2Fk 6( t ). 
The solution to this is given by 
ak( t) = lk’*FkZk( 2) for t 2 0 with ak = 0 for t < 0, 
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where Z,(t) satisfies 
z;(t) + c21y2z,( t) = 0 for t>O 
with 
Z,(O) = 0 and z;(o) = 1. 
This is easily solved to obtain 
ak(t) = f Akj4Tk sin(cALi4t) for tb0, 
giving the required expansion for h(S, t) in (19). 
To show that AED’, it suffices to show that 
as n,m-+cro forall#ED,. 
where supp 4 c C x [ -T, T]. With Y given according to the asymptotic 
estimate for Fk in (iii) and USing 1 ak( t) 1 < (f/C) $‘4 1 Fk 1, by IIdtiplying 
and dividing by 1 L+~/~; this last expression can be split up as 
joTi f uk(r)m,(l)l dd,,‘( f A:+“* im*(r)12)1’2 
k=n k=n 
and, by (iv), this expression goes to zero as n, m + co. 
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Finally, for all q5 E D, 
+ c* j- A:‘2Tkzk(t) 1 
0 z 
Hbk(s)). 
It is straightforward to show that 
Iox zk(t) a,,4 = d(‘% O) + Iox z;(t)d 
and 
s fh,hk( s) =/2:‘*&( t ). z 
Plugging these back in yields, 
= <mn <&f)? d>> =(s(t) wn 4). I 
5. A GENERALIZED WAVE EQUATION 
Due to the physical nature of the impulse response, calculated in the last 
section, no initial conditions were needed. In this section, the goal is to 
demonstrate a similar result to Lemma 1 but for a general mixed initial and 
boundary value problem associated with the operator 0 given in (15). 
Motivated by the classical treatment of a mixed problem of hyperbolic type 
involving the Laplacian itself, a distributional solution will be defined 
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which incorporates the initial conditions by injecting them into the non- 
homogeneous term. That is, for the problem 
q h(S, t) = F(S, t) on Cx(0, oo), (20) 
hI,=,=h,,a,h/,=,=h,,andh=Oonri, 
all 
(21) 
a distributional solution will now refer to a distribution h E D’+ satisfying 
the equation 
q h=F’+h,6’(t)+h, d(t) on D,, (22) 
where P is the extension of F taken to be identically zero for t < 0 and, as 
before, the above equation means that for all 4~ D, 
The justification for treating the initial conditions in this manner stems 
from the treatment of the classical mixed problem of hyperbolic type where 
it can be show that a classical or smooth solution, extended to be zero for 
t < 0 and corresponding to suitably nice data, satisfies an equation 
analogous to (22) (see, e.g., Vladimirov [lo]). Similarly, it is an easy 
matter to define what a smooth solution to the problem in (20) and (21) is 
to be and show that for h, E C’(C), h, E C(L), and FE C(C x (0, oo)), the 
extension of this solution to be zero for t < 0 satisfies Eq. (22). 
So, the smooth solutions to the problem in (20) and (21) are contained 
among the solutions to (22). Moreover, if a distributional solution is 
sought, there is no need to require the data to be classical functions. This 
leads to the definition of the generalized mixed problem for (20) and (21) 
where Eq. (22) is to be the interpretation with h,, h, E D’(Z), and F:E D’, . 
The main result of this section will show that a formal eigenfunction 
expansion yields a distributional solution to the generalized mixed problem 
when the data allows eigenfunction representations. In fact, taking 
h,, h,, TE D’(C) all with compact support and F= f(t). T, 
where f is locally integrable on ( -00, co), (24) 
then, P= y(t) . T E D’+ and, by (iii) of Section 2, the expansions 
hi = 1 (&)k uk for i=O and 1 
k 
and P=?(t) 1 Tkuk, (25) 
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hold, where, also from (iii), there exists a non-negative integer r such that 
all the expansion coefficients atisfy the asymptotic estimate, 
I (Uk I> I Tk I * o(4) as k--+cc fori=Oandl. (26) 
LEMMA 2. The distributional solution to the generalized mixed problem 
for (20) and (21) with the data given in (24) is given by the series 
MS t) = C a,(t) ~~(9, (27) 
where 
a,(t) = (h”O)k cos(cAi’4t) +- 
sin[cAh’4(t - r)] f(z) dT, (28) 
for t > 0. 
Proof: The form of the modes a,(t) given in (28) is easily obtained by 
formally plugging (27) into the problem in (20) and (21) and expanding in 
terms of the eigenfunctions Q(S) to obtain for the modes separately the 
equation 
with 
a;(t) + C2$“ak(t) = Fk f(t) for t>O, 
ak(o) = @dk and ai(o)= (i;l)k. 
The solution to this can be written in terms of the fundamental solution 
&(f) as 
a,(t)= Tkf* Ek + (%.dkE;+ (K,)kEk, 
where * denotes convolution and Ek(t) satisfies the equation 
E[( t) + C21;‘*Ek( t) = S(t). 
The solution to (30) is given by 
(29) 
(30) 
1 
Ek(t) =- 
CA:14 
sin( CAL’“t) for t>OwithE,=Ofort>O, 
and plugging this back into (29) yields the desired result for ak(t) given in 
(28). 
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To show that h, when extended to be zero for t ~0, is in D’, it is 
sufficient to show that the partial sums for the series in (27) is a cauchy 
sequence in D’,. Following the same steps as in Lemma 1 yields for any 
4 ED, the inequality 
(31) 
valid for any p 2 0. By (28), it is seen that 
for all t E [IO, r]. This implies, by (26) that 
1 ak(t) 1 - o(n;) as k + co, uniformly on [0, r]. 
Hence, taking P = 2r + 2, (31) can be further simplified 
k;n ak(t) uk(s), 4 )I -qi$)‘;’ 
/m 
to yield 
x max 
fE co.73 
for some constant c’ and n, m sufficiently large. However, by (iv), this last 
expression goes to zero as n, m + co. 
Next, it must be shown that h satisfies Eq. (22). By following the same 
steps as in Lemma 1 it can be shown that for any 4 E D,, 
(k q m,=x(j Uk(S)(ak(t)a,~-a’(t)~)lo” 
k = 
+ j jm (a;(t) + c2A;‘2&( t)) &k s) z 0 > 
=q s O” Tkf(t) &kts) 
k ,? 0 
- 
SL(i;O)ka,rl,-,uk(s)+~=(i;,)kbl,=ouk(s)) 
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+ oil)k (% <s’(t), 4 )+(k), (u,, (4th 9) > 
clearly, all of (7(f), 4>, (b’(t), d>, and (c?(t), 4) are in D(C) and using 
the expansions given in (25) yields, 
(k 04) = CT, t&L 4) > + (h,, <d’(t), 0) > + (AI > (@t)> 4) > 
= (F+ h, h’(t) +h, 6(r), 4). 1 
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